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HESSIAN EQUATIONS ON CLOSED HERMITIAN MANIFOLDS 


DEKAI ZHANG 


Abstract. In this paper, using the technical tools in lfT4ll . we solve the complex Hessian 
equation on closed Hermitian manifolds, which generalizes the the Kahler case results in 

a and a. 


1. Introduction 


Let (M, g) be a eompact Hermitian manifold of complex dimension n > 2, and to be the 
eorresponding Hermitian form. In local coordinates, we write to as 


to = Z gijdz' A dz-'. 

'.i=i 

In this paper, we eonsider the following Hessian equation on elosed Hermitian manifolds 



( 1 . 1 ) 


where Tk{M) is a eonvex cone defined in (12.21) in section 2. 

When k = n, the condition 6 Yy.{M) is equivalent to tOu > 0. Equation (11.11) beeomes 
the following Monge-Ampere equation 


= e^tf, sup M = 0. 


( 1 . 2 ) 


M 


In addition, when (M, to) is a Kahler manifold, i.e., dto = 0, Yau [|T^ solved the equation 
(11.21) now known as Calabi-Yau theorem. For general Hermitian manifolds, the equation 
(11.11) has been solved by Cherrier [HI in the case of dimensions 2 and Tosatti-Weinkove 
[QTI for arbitrary dimension. For further baekground, we refer the reader to IfTOl . liTTI . 
[fSl , IfTTlI and the referenees therein. 

When 2 <k < n - tOu may not be positive, the analysis beeomes more eomplicated. 
Suppose that (M, to) is a Kahle manifold and 6 Yk{M) whieh is defined in seetion 2 , 
Hou-Ma-Wu [HI proved the following seeond order estimates of the equation (11.1!) 

(1.3) max \ddu\g < C(1 + max |Vm|^). 

They also pointed out in their paper that (11.3!) may be adapted to the blowing up analysis. 
Eater on, Dinew-Kolodziej [|3l obtained the gradient estimate by (11.31) . Thus equation 
(11.1!) ean be solved on Kahler manifolds under the eompatible eondition 


= L 










2 


DEKAI ZHANG 


Tosatti-Weinkove [[T3ll considered another Hessian typed equation related to the Gaudu- 
ehon eonjeeture 

(1.4) det(a»o”~^ + A 

a a)"~^ > 0, sup u = 0, 

M 

where a»o and co are two Hermitian metrics on M. 

In IfTBlI . Tosatti-Weinkove solved equation (11.41) if co is Kahler. One of the main parts is 
doing the second order estimate. They use the similar auxiliary function in JH. Later on, 
in [fT4l . they can solve (11.41) if co is Hermitian. The second order estimate beeomes more 
difficult in the Hermitian case, the authors sueeeeded to obtain the seeond order estimates 
by modifying the auxiliary funetion in JH . 

In this paper, we solve equation (11.11) on elosed Hermitian manifolds. More preeisely, 
our main result is 

Theorem 1.1. Let {M,g) be a closed Hermitian manifold of complex dimension n > 2, 
f is a smooth real function on M. Then there is a unique real number b and a unique 
smooth real function u on M solving 

(1.5) Claihof-^ = ef^'’of 

a>u 6 Tk(M), supw = 0. 

M 

We use the continuity method to solve the problem (11.51) . The openness follows from 
implicit function theory. The eloseness argument can be redueed to a priori estimates up 
to the seeond by the standard Evans-Krylov theory. Actually, we ean derive the zero order 
estimate and the seeond order estimate of solutions of equation (11.11) and thus use a blow 
up method to obtain the gradient estimate. 

In [|TT]| . Tosatti-Weinkove derived the key zero order estimate by proving a Cherrier- 
type inequality which was originally proved in [|T1. For equation (11.11) . we can prove the 
similar Cherrier-type inequality but the analysis beeomes a bit complieated since may 
not be positive. Some inequalities for k-th elementary symmetrie funetions in [j2l are 
needed. For the seeond order estimate, the main diffieulty is that there are new terms of 
the form T * D^u, where T is the torsion of co and D^u represents the third derivatives 
of u. To eontrol these terms, we use the auxiliary funetion due to Tosatti-Weinkove in 
[|T4l . The main differenee is that for equation (11.11) we need to use some lemmas for k-th 
elementary symmetrie funetions proved by Hou-Ma-Wu in [jH. 

The rest of the paper is organized as follows. In seetion 2, we give some preliminaries. 
In seetion 3, the Cherrier-type inequality is derived , thus we obtain the C** estimate. In 
seetion 4, we will prove the seeond order estimate by a similar auxiliary funetion in [fT?]| . 

Acknowledgment: I would like to thank Professor Xinan Ma for his encouragement, 
advice and comments. I also thank Professor Shengli Kong for careful reading and many 
suggestions. 
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2. PRELIMINARIES 

Let (M, g) be a eompact Hermitian manifold and let V denote the Chern conneetion of 
g. In this section we will give some preliminaries about the k-th elementary symmetric 
function and the commutation formula of covariant derivatives. 


2.1. Elementary symmetric function. The fc-th elementary symmetric function is de¬ 
fined by 

(d) — ^ d/i ' ■ ' dj'j., 

\<i[<—<ii(<n 

where A = (Ai, - ■ ■ , /l„) 6 i?”. Let A denote the eigenvalues of Hermitian matrix |a,j|, 
we define 


o-k 


(a;j) = (r^(d{a;j)). 


The definition of cr^ can be naturally extended to Hermitian manifold. Indeed, let i?) 

be the space of smooth real (1, l)-forms on M, for;^ 6 A^'^{M,R) we define 

Cl) = 7 ■ 


k) cu” 


Definition 2.1. 


(2.1) T, := {Ter: ir/T) > 0,; = 1, • • • ,k}. 

Similarly, we define Yj, on M as follows 

(2.2) YfiM) := tr 6 (M, r) : ajix) > OJ = I,-■ ■ ,k}. 

Furthermore, crr{A\ii... ii), with I'l,..., ii being distinct, stands for the r-th symmetric 
function with T,, = • • • = Ai, = 0. For more details about elementary symmetric functions, 
one can see the lecture notes IfTSl . 

To prove the C° estimate, we need the following lemma of elementary symmetric 
functions. 


Lemma 2.2. Suppose that A eYk,?) < k < n and Ai > A 2 >■■■> An, then there exists a 
positive constant C depending only on k and n, such that for 0 < i < k - 2. 

(2.3) \Aj^Aj,---Aj,\<Co-i(A\j), 

1 < ji < j 2 < ■■■ ji < n, ji j, \ <l <i, \ < j <n. 

Proof. Since 

n 

Yj^p=cti ( d | 12 ... fc - l )> 0 , 

p=k 


and 


Ai > /I2 — ■ ■ ■ — d/ 
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then 

(2.4) |/lp| < {n - k) Ak,k + \ < p < n. 

We first prove the lemma for = 3. In this ease, it needs to prove that there exists a 
eonstant C sueh that 

\Ai\<CcTi (A\j), 

for \ < jj < n and I j. Indeed, cr\ (A \j) = Ai + cri (A jjl), thus A/ < cti (A \j). Now,we 
assume Ai < 0, then Z > 4. By (12.41) . we have 

\Ai\ < (n - 3)43,4 < Z < n. 

Sinee A\j 6 r 2 , by the proof in |l2l whieh used the result in 01, there exists a eonstant Qi 
sueh that cti (A \j) > 61 A 2 if j = 1 and ctj (4 \j) > di4i if 2 < j < n. Taking C = we 
then prove the lemma for the ease k = 3. 

Next we prove the lemma for the general k,3 < k < n. 

If j > i, by the result in ifTSl 

cri{A\j) > e{n,k)Ai .4,-. 


Thus we have 

■ ■ ■ -lil =4 ■ ■ ■ -ij, ■■■ aI s -ti ■■■'<,(« - 


i-q 

k 


<{n-ky Ai--- Ai < a-i (A IJ). 

0 (n,k) 


If j < i, then similarly 


(Ti (A IJ) >d(n,k)Ai--- 4j_i4y+i • • • 4,+i. 


Thus we have 


■ ■ ■ ^i\ ■ ■ ■ ^jq l^i^+i ’' ’ ^i\ ^ ^1 ’' ’ ''' ^^+1 ^ 

<{n - ky Ai ■ ■ ■ 4/_i4y+i • • • Ai+i < at (4 \j). 

6 (n, k) 


□ 


Using this lemma, we immediately obtain the following lemma which is a key ingredi¬ 
ent for proving lemma 


Lemma 2.3. 


(2.5) 


K-A 

Z 


a du a 0)^ a Ti 

CO" 


^ A du A (J A of ' ^ 

<cj;-- 

1=0 


0 )' 
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, where Ti is defined as the combinations ofco, dm, ddm, more precisely 

Ti = Yj A ((dcoY A (dcof A ((ddcof 

0<3p+2q<n-i 

Proof. For x e M ,we choose the eoordinates sueh that 


CO 


(x) = 'Y dfi A dzK oJu (x) = Yj dzf 

j=i j=i 


and 


Ai > A 2 > ■ ■ ■ > A„. 

Thus we have 

^ ^ Adu A (o‘j^ ATi ^ ^ 


(2.6) j; 


(=0 


CO" 


<C^ Y \u\H\AnAp---A 

E i“jriA-» 

1 < 7i < • • • < ji < n 

ji * i 

k-2 n 

1=0 j=\ 

^ ^ A 5 m A to], A 


■J2 


'P.\ 


i=0 


CO” 


where we have used the lemma 2.1 in the last inequality. 


□ 


2.2. Commutation formula of covariant derivatives. In loeal complex eoordinates Zi,--- ,z„, 
we have 

d d 

(2.7) gfj = g{—, —), {g'^} = 

For the Chern eonnection V ,we denote the eovariant derivatives as follows: 

(2.8) Hi = V_d_u,Ufj = aP^ u,Uiik = V a Vj_V±u 

we use the following eommutation formula for eovariant derivatives on Hermitian mani¬ 
folds whieh can be founded in [[T4| : 

(2.9) Uiji = Ufji - Tf-Up-j 

^pij ~ ^pji 

^ipj ~ ^ijP ~ ^ jp^‘^' 
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(2.10) ^ijlm ~ + UpjRimi^ UpifiRij/ TpUp„jj T^^^jUipi T^T^jUpq 

For the details we reeommend the reader to the referenee [IT4ll . 


3. ZERO ORDER ESTIMATE 

In this seetion we derive the zero order estimate by proving a Cherrier-type inequality 
and the lemmas in [fTTlI . Sinee the constant b is in Theorem 1.1 satisfies 

\b\ < sup I/I + C, 

where C is a positive constant depending only on (M, to). Thus, we will assume b = 0 for 
convenience. 

Theorem 3.1. Let ube a solution of Theorem 1.1. Then there exists a constant C depend¬ 
ing only on (M, to) and sup |/| such that 

M 

sup |m| < C. 

M 

Due to Tosatti-Weinkove’s results, the zero order estimate can be reduced to derive a 
Cherrier-type inequality which was firstly proved in Cherrier’s paper [[11 . For the Hessian 
equation, the analysis becomes a bit complicated in the lack of the positivity of 6U„. Re- 
centl){3. Sun [[8l also proved the following lemma for k = 2 and k > 3 under some extra 
conditions. 

Lemma 3.2. There exist constants po and C depending only on (M, to) such that for any 
P^Po 

f Ide-hjco'^ < Cp f e-V 
Jm Jm 

Proof. By the equation, we have 

coi A -of = (e^ - l)m” < Com", 

where Co is a constant depending only on /. 

On the other hand, 

(3.1) ooIa 00^-^ -of = [tol - A = yPlddu A a, 

k 

where cr = 2 L to'^~\ 

i=l 


*The author independently proved the C° estimate before [Si was posted on arXiv. 
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Now multiply both sides in (13.11) by e p" and integrate by parts , 


(3.2) 


Q 


f e-P^of > f . 

Jm Jm 

-J 

=P f 

Jm 


e-P“ yTldd. 


u A a 


de A or + I e P'" A da 


e P" V^du Adu A 


/. 

--f 

P Jm 


V^de-P^ A da 


=P f 

Jm 

:=A + B, 


e P“ Adu a a — f e p" "4-^ddi 

P Jm 


la 


where we denote 


A =p C e P" ^f-Adu Adu A ^ ' 

Jm 

B=- f e-P'^^dda. 

P Jm 


A of 


We will use the term A to eontrol the terms B. Direet calculation gives 

k-i 

da = n'^ A A doj + (n - k)oJf^ A A doo 


(=1 


dda =(n - k)(n - k - l)m^ ' A a»” ^ ^ A (9m A doj + (n - k)oJl ^ A of ^ ^ A ddo) 
+ (n - k)(n + k - l)m^"'^ A A dto A dco 

k-3 k-2 

+ n(n - l)'^oj[ A of~'~^ A 5m A (9m + n ^ A of~’'~^ A ddo) 


i=0 


Therefore, we have 
(n - k)(n - k - 1) 


B =- 


+ 


P 

(n - k) 


f 

Jm 


/=! 


^^le-P'^OJl-^ A A 5m A 5m 


/ ^ 


'fAe-P'^ojt^ A of-^-^ A 55m 


+ 


P Jm 


+ 


A m” * ^ A 5m A 5m 

k-2 


k-3 

R(njJ5y r A A 5m A 5m 


i^JM 


+ 


-y f 

p^Jm 


^Ple-P'^ool A of- 


^ A 55m 
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When k = 2, the term B just beeomes 


(3.3) 


B = 


(n -2){n- 3) 


Jm 


<jf l\ dio A d<X) + ^^ 


Jm 


A ddco 


+ ^l±2}kLz21 f A A 

P Jm 


(n -2)(n- 3) 


n-4 . ^ . («- 2 ) 


r a a»” a A 5m + 

Jm 


/ 


V^55m a m” ^ a 55m 


+ 


2(r - l)(n - 2) 


r A 5m A 5m + f V^. 

Jm Jm 


M 

g-p„m”-2 A 55m 


f V=Te-'“V=Taa 

Jm 


u t\ (jf ^ t\ 5m A 5m 


+ 


r V^e-'»V^as<. 

Jm 


'u A m”-3 A 55m ■ 


P Jm 


e -P^of 


We next use integration by parts again to deal with the first term and seeond term on the 
right hand side of the above equality. Indeed, 


(3.4) 


r yTle-P^ V^55m a of-^ A 5m A 5m 
Jm 

=p j V^5m a 5m a m"”'^ A 5m A 5m + j V^5m A 5(m"“'* A 5m A 5m) 

Jm Jm 

=p f V^e~P“ V^5m a 5m a m''^'^ A 5m A 5m H— f V^e~^“ V^55(m”“'^ A 5m A 5m) 
Jm 

>-pCi f V^5m A 5m A m"-i - — f e“'’“m" 

Jm Z’ Jm 

>-CiA-— f e-P'^uf 
P Jm 

The similar ealeulation gives 

(3.5) r V^55m A m”-^ A 55m >-CiA - — f 

Jm P Jm 

Inserting (13.41) and (13.51) into (13.31) . we have 


e-P^of 


B > 


-£iA-£i f. 

P P Jm 


e -P'^ijf 















HESSIAN EQUATION 


9 


By (13.21) and choosing po = 2Ci + 1, we obtain for p > po 

^ < (1 - —)A < (^ + Co) r < (Co + 1) r e-P^co" 

^ P P Jm Jm 

By (13.71) in the next page, we thus prove the lemma. 

For the general k,3 < k < n,'we claim that there exist eonstants Ci, depending only on 
n, k, (M, co) sueh that the following holds for 0 < i < k - 1, 




(3.6) A 


k-2 ^ 

r,.>-pCi,y 


j=0 


'u A du A col A of ^ 


'“'-ch r . 

Jm 


e -P'^of 


,where T, is defined as the eombinations of m, doj, ddoj, more preeisely 


Ti = Yj a (Vy')'’ (dcoY A [dcof A (Vy)^ [ddcof 


^ ,n-i-3p-2q 

0<3p+2q<n-i 

We use the elaim (13.61) to prove the lemma 


B>-Ciy, f e-P'^'ffduAduAoY;'Aof^‘-^-^J 


^ Jm 


e-P'^co" 


i=2 


>- A -( 

P P Jm 


e -P^^of 


Thus we have 


e-P^‘of 


(1-—)A<(^+Co) f 
P P Jm 

Now we ehoose po = 2Ci + 1, then for any p > pq, 

p^ I e^P^ Adu A cf~^ < 2p(Co + 1) I e 

Jm Jm 


■pu^n 


Therefore we have 
(3.7) 


r =X [ - 

Jm ^ Jm 


e P'^ V-T(1m a du a (i)‘ 


n—l 


< 


np(Co + 1) 


r e-P^'co'' =pC f e-P‘‘co‘ 
Jm Jm 


Now, we prove the claim (13.61) by inductive argument. 
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When z = 1, we have 


r e-P^cOuhTi= f e-^‘^ojATi+ f V^55zz A Ti 

Jm Jm Jm 

= f e-P'^io ATi- f de-P'^ A ^du A Tj + f ^du A dT^ 

Jm Jm Jm 

= f e-P‘^(oATi+p f e-P^‘V^du A du A Ti - - f V^de-P“ A dTi 
Jm Jm P Jm 

=p f e-P“ V^du A du A Ti+ f e-P^(o A Tj - - f A V^ddTi 

Jm Jm P Jm 

> -Cip f e-P'‘ yPldu AduAT^-C^ f 

Jm Jm 


e-P^oj" 


Suppose that the elaim is true for Z < z - 1, we will prove that the claim is also true for 
I = i. Indeed, 


e P^col ^ Ao) ATi + f e "4^ddu A A Ti 
Jm 


f e-PW, ATi= f 

Jm Jm 

= f e-P‘'aj'-^ AojATi+p I e-P'‘ V^5zz Adu A A Ti 

Jm Jm 

+ r e~P“du A A Tij 

Jm 


+^i,2 +^i,: 


By the induction, 


A;,! = r e-PW-^ A CO ATi 

Jm 

k-2 


> - pC\i (zz, k,co)'^ I e P" yT^du A du A co{ A to" ^ - Cu (zz, k,co) j i 

Jm Jm 


e -P"co" 


By the inequality (12.51) in lemmawe have 


(3.8) 


A ,-,2 - P f ^ V^ZZzz A du A co^^ A Ti > -pC 2 i j e p" V^du A du A col ^ A 
Jm Jm 


CO 
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Now we deal with the term A, 3, 


A,- 3 = J e-P^du A A t) = ^J A T,) 


(i-l)(i-2) 


+ 


P Jm 


/■ 


-p« AdcoAdtoAT, 


e-P^'JfA ^dco A dT, 


O’-1)0’-2) 


/ 

Jm 


-If. 

P Jm 


f ^ 

P Jm 


e ''"m:, “ A V^d (doj A Ti) 






+ 


/M 

e-P'^cJf A 


e P" ^ A dco Ada) A Ti 

[ ^d{da) A Ti) + ^doj A dTi\ -- f e-PW,-^ A V^ddTi 

P Jm 


> 


— f 

P Jm 

k-2 p p 

pCsi ^ I e^P“ V^du Adu A a){ A a)"~-’~^ - C-^ (n, k, oj) I 
Jm Jm 


e-P'^of. 


For the last inequality, we have used the induetion. □ 

4. SECOND ORDER ESTIMATE 

In this section we use the auxiliary function in [|T4I which is modified by the auxiliary 
function in [jH to derive the second order estimate of the form (11.31) . The difficult part 
arises from the third order derivatives’ Locally the equation is 

(4.1) (TkiiOu) = e^- 

Theorem 4.1. There exists a uniform constant C depending only on {M, o)) and f such 
that 

(4.2) max \ddu\g < C(1 + max IVmI^) 

Proof. Denote wq = gq + uq and let f 6 T^’^M, = 1. 

We use the auxiliary function which is similar to the one in [[T4l 

Hix,f) = log(w^;f^|') + cologig^'wpjWkqfP^^') + (fil^ull) + f{u), 
where ip, f are given by 

<^(5) =-ilog^l - 0<5<iC-l, 

1^(0 =-Alog^l + -L+l<t<0, 

K := sup |Vm|^ +1, L = sup \u\ + 1, A := 2L(Co + 1), 

M M 


for 
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where Aq is a eonstant to be determined later, cq is a small positive eonstant depending 
only on n and will be determined later. By [j4l|, we have 


(4.3) 

(4.4) 


— > w > — > 0 , ip" = 2{ip')^ > 0 . 

2K~^ ~ AK ^ ’ 

> — = Cq + \,iJ/ >-—for all £o < 

L 2Zj 1 — sq 2A 1 


These inequalities will be used below. 

Suppose H(x, ^) attains its maximum at the point xq in the direetion then we ehoose 
local coordinates ■ , ^} near xq such that 


Ai = Wfiixo) = 1 + Ufi(xo) with Ti > ■ ■ ■ > A„. 


We will prove that 

o _ 

H(xo,^) < H{xo, ^) 6 \^\l = 1 , ^ Wfjixo)^^^' > 0 

ij 

by choosing cq small enough. In fact, at xq we have 

n n 

log(>V;t/f^^') + Co logig'^‘WpjWkq^Pi‘‘) = log(^ Wkl + Co log(^ 

k=\ k=l 

If w„n > -Wii which is always satisfied when n < 3 , we have wl < vvij. Thus we have 
Hixo,0<Hixo,ir). 

Now we suppose that Wnn < -Wn, thus we have n > A. Let io be the smallest integer 
satisfying wp < -Wii, then io > ^ + 1- By \wfi\ < (n - 2)wn we have 

n n 

log(^ Wii \^f) + Co log(^ \Wii\^ l^f) 

(=1 i=l 

< log Wn(|^ l^f - ^ l^f) + Co log(w^j ^ l^f + (n- 2fw^^-^ ^ |^f) 

i=l i=io 1=1 ^=1 

= logWn(l -20 + cologWjj(l -t + (n-2ft) := h(t), 
where t = Z |ff 6 (0. j)- 

i=iQ 

By choosing cq = we have h'{t) < 0, thus 

h(t) < h(0) = log(wii) + cologWjj. 

Consequently, we have proved 

Hixo, ^) < Hixo, ^), for e = 1, ^ r]i-j(xo)^‘f^ > 0, 
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by choosing cq = when n > 4 and cq = 1 when n < 3. 

We extend near aq as 

Consider the function 


Q(x) = H(x,^o) = log(gjjWi;-) + colog(gjjV^'wi,-WH) + ^(|vm|J) + iA(m)- 

We will calculate F'^Qq at xq to get the estimate, all the calculations are taken at xq. For 
simplicity, we denote ^ in the following. By = |^|g = 1, differentiating both 

sides, we obtain at xq 

d 

= ,A A) + (.A A) 

(4.5) = 

We also have the basic formula for ^ 6 


(4.6) 

Direct calculations give 


Pk =A = A = ^ 

4 Q^i g-i 4 


A-A-|r 

- 

^ d'z^ ^ 

A-A-A 

" dz‘ dt ^ 


-=-1" Co-1-=- ^ Vi + 

gP^WkqWpj^^^^ 

(wkiee).-. (gp^wkqwpje^% 

-^-^- - + Co-^ 

(g‘’^wkqWpjee)lgp-^w^wpjee)-. 

- Co- - -^-—2- - + Vu + ‘Ail 

(gP^WkqWpJ^'^^^) 
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Next, we will simplify Qt and Qfj. 
By (14.51) . we have 


= Wuj + Wu{^\i + i\,) 
= Wlii, 


Thus we have 

= Wii (Wiii + Wui) + Wil^ (^\i + i\,) 
= IWuWui. 


Therefore, we obtain the simplified formula for the term Qi at xq- 


(4.7) 


Qi = 


v^in 

Wil 


+ Cq- 


2Wii; 


Wii 


+ Vi + <Ai — (1 + 2Co)-1- Vi + lAi - () 

Wil 


Similar ealeulations give 

=[wuife + wu(^\e + 

=wuii^e+Wku + ^¥' 7 )+ wun (^'ie+ 

+ wu(^\ie+ + ^^e-i + 

=Wii,i + Wh;^^7 + Wuii’j + W^Yi^\ + 

+ i^ii(^\7 + ^'i?) + '^kki^'^ii’^i + 

=>^11/7 + 2 ^ Re(wH,-^^. + + |^^,f). 


The last equality holds beeause we have used (14.21) and (14.51) and the faet 


Wk\i^\ + Wui^'i = 2Re(wH/^^), 
ww^^j + Wku^\ = 2Re(wij,-^^.)- 
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We can also calculate 


= g^‘‘{wkqiWp-i^^^^ + Wk-qWpufi^ + WkqWpJ^\^^ + WkqW pj^'^ 

=g‘’‘^ (wkqijWpi^^^^ + WkqiWpii^^^^ + WkqiWpJ^^-f^^ + WkqiW 

+ g’’‘‘ (wkqlWpJi^’"^^ + WkqWplfi^^i^ + WkqWpU^'^-i^ + WkqWpU^’^ 

+ g'’‘^ (wkqlWp-l^\i^ + WkqWpU^^ii^ + WkqWpJ^^H^^ + WkqW 
+ g’’‘^ (wkfiWpl^''^^ + WkqWpU^^i^ + WkqWpjf-^\ + WkqWpJ^'^^^i-) 
=WiiuWn + WipiWpu + WkliWnf-i + WipiWppiP- 
+ WiplWpli + WuWuii + WppWpli^P- + WiiWisI'. 

+ WkiiWn^\ + WppWpYi^Pi+Wn^^\-+Wpp^^^iiP- 
+ WipiWpp^Pi + WnWiiii^ + Wpp^f-iPi + Wn^i\i 
=2wiiwufi + \wipi\ + \wip]\ + 2wiiRe(Wpi,-^'’; + Wpu^‘’i) 

+ 2wppRe{wip£p-i + Wpii^’’^) + Wpp^ 

Therefore we have simplify Qpi at xq as follows 


/I , O ^Wiiii Co 
Qil =(1 + 2co)-+ 


wii wir 


^ (|wip,f + \w,pi 

p*l 


\w "-P 

- (1 + 2co)—^+(**),7 + (fu + il/ii. 


wn 


where (**),-7 is given by 


(**)u =— y Re(w,n.^^ + WYkied + + #'/i + —{\H + k'f) 

V12i 1 t ^ Wi 1 


Wil 


1:^1 


+ ~ Zi + WpY^‘’i) + Z 


Wil 


p*i 


p*l 


WYi 

^11 


+ 


2coWpp^ 


WYi 


.2 




For this term (**){(, we have the following estimate 


(**)ri > - 


Co 


2wn2 


S(l' 

p*i 


W\pi\ + 


-c, 


where C is a positive constant depending only on (M, co). 
Let 


F(m„) = {(Tkicouif'^. 
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We denote by 


F'~j = 


OF 

dwfj’ 




d^F 

dWfjdWpq' 


where = gfj + Ufj. Then, the positive definite matrix (F'^(a)u)) is diagonalized at the 
point xq. More precisely, we have 


(4.8) 


F‘\cOu) = 6ijF‘\cOu) = 


Furthermore, at xq. 


(F^’PP, iii = j,p = q- 

(4.9) F‘J’P‘^((Ou) = I F‘P’P\ if i = q,p = j, i + p; 

[O, otherwise, 

in which 

F"’PP = i[o-^(T)]^/*^“^(l - Sip)o-k-2(A\ip) 

+ ^(^ - l)[cr^(/l)]^^^"V;t_l(/l|0cr;t-l(4|p), 

pip,pi ^ -ho-kiA)\^‘’'~^ak-2iA\ip). 
k 


Here and in the follows, crr{A\i\... ii), with I'l,..., U being distinct, stands for the r-th 
symmetric function with A/, = • • • = A^ = 0. 

We have, in addition at xq. 


i=l 


Wf, 


i=l 


cr 


Ilk 


(4.10) 
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Thus by maximum principal, we have 
(4.11) 0>F^Qij=F^Qu 






+ 

r=l “ (=1 pi=l "U 


Wil 

F^luuF 




- (1 + 2co) J] + F^Uii + r Yj F'>i\^ 

i=\ ^11 (=1 !=1 

n n 

+ ip" Y I VmI? + p'Y 


i=\ 

n 


i,p=\ 


i=\ 


+ p ^ ^ F \upijUp + UpijUp) Cl ^ F 
Up=l 

:=/i 

The equation ean be written as 

F{cOu) = := h 

Differentiate the above equation , we obtain 


Y F‘^Uij, = V,F = h, 


C=i 


^ F ' Ujjijfi + ^ F ^ ^^UijiUpqm — 


ij=l 


i,j,p,q=\ 


and 


Y =hn- Y ^‘^'''‘‘^ijFpql- 

i,j,p,q=\ 


i=\ 


By eommuting the covariant derivatives formula (I2.10L we have 


n \ 


Ffill 


(4.12) ^ F%^p = Y F%u + Y - E 

(=1 i=\ i=\ V i=l 

+ Z [z Kv + z F‘‘w - z 


(=1 


Pfiu - 

1,1 Upp 


Vp=i 


7=1 


p=\ 
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Inserting (14.121) into the term /i, we have 

F'^Unu 


(4.13) h =(l + 2co)^ 


1=1 

n 


Wil 
^iVll 


<l + 2co) V^^ + (l+ 2 co)y 

it it 

TtiUpii 


F"{uu - Uii)Rfiu 


Wii 


i,P=i 


+ 2(1 + 2co) ^ F'Rej^j;^) - (1 + 2co) ^ F" 


.ri\F\i\ Upp 


i,p=i 


Wil 


=(i+ icq)-^ - ( 1 + 2 co) y 

Wii . , 


+ (1 + 2co) ^ 


F^^'P'^UfjiUpfi 

F"iun - U{i)Rrin 


1=1 


Wii 


Wil 

n 

— + 2(1 + 2co) Yj 


TljU in 

Wii 


^ 'T' P '' 

TiiUp-n 


+ 2(1 + 2co) Y Y Z 


1=1 \p*i 

:=/ll + Ii2 + /i3 + /i4 + /i5 + /i6- 




i,P=i 


111 ‘''•pp 
WiI 


Next we estimate each term of (1) as follows,firstly we have 

n 

In + In + In >-Q - 3 (nC 2 + C 3 ) Y 


1=1 

where we have supposed that sup \T\^ < C 2 , sup \R\ < C 3 . 

M M 

Next we claim I^ + h'^ -18n^C2 2 F'\ In fact, 

1=1 

„ ^ |2 » (_ TP u — 


+ '■* = f Z Z + 2 C„) F%e 

1=1 p^l 


Wii 


> 


fZ^'^Z 

1=1 pi=l 
2(1 + 2 co)^ 
Co 


Mipi ^ 2(l+2co),^p 


+ 


1=1 Vp?^i 

„ 2 211 + — 

T 


Wii 


Co 


ll 


Co 


ZZF"ir: 


1=1 p*\ 


ZZFr 


P|2 

111 


1=1 p*l 


> -18n2C2_^F\ 
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where we have used ^ < cq < 1 Thus, we obtain, 

(4.14) /j+/2>-(1+2co) 2 - -i^i^ + 2(l+2co) 


i,i,p,q=^ 


Wil 




-(21n2c2 + 3C3) 

i=l 

For terms Ij + 4, we elaim 

(4.15) Ii + h> -<p' Yj - (C 2 + C 3 ) ^ F" - Cl. 


1=1 


1=1 


Indeed, by the eovariant derivatives’ commutation formula (12.91) in section 2, we have 

^pii ~ ^iip ^q^iipqi ^pii ~ ^ipi ~ ^iip ~ 


Then we have 

n n n n 

Yi ^"^pfi ~ ^ F‘’^ilp + ^ {TpiUfi + UqRfip^ = Fp + ^ F" {TpjUfi + UqRfip^ 

1=1 1=1 1=1 1 

n n n n 

Z '"'“iM= Z ^"“‘>1’ + Z=^f+Z 


1=1 


1=1 


1=1 


1=1 


1=1 


Inserting the above formula into the term ( 8 ), we obtain 

n 

(4.16) I^ = (p'Y F"(Up-iiUp + UpfiUp) 

i,P=i 




p=\ L 1=1 J p=i L 1=1 


p=i 


= lip' Y ^"“i/Re (upTp^ ^^'Y (“p^p) + Y 

cp=l p=\ L c^=l 

= fsi + hi- 


npq 


/82>-C3_^F"-Ci. 

1=1 


For the term hi^ we have 
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For the term /si, we obtain 


/si +Ii = Icp' Yj {upTpi) + cp' Y (l“p?l' + Ki\^) 

/,p=l i,p=l 


> 






i=\ 


( n 


|M;]r + lUfjRe, 


Y 

Vp=i 
2 


Z f +2 Z “'> 2 ';. + 2 ^' Z Z 2 ^' Z 

;=1 /7=1 ;=1 i=\ p=\ 


>\¥^FHui-C2^F‘\ 


i=[ 


i=l 


Thus we have proved the above elaim (14.151) . 
Moreover, apply (14.101) to obtain 


Ilf' Y = 'f''Y -^) = ^'h-^'Y - -2(Co + 1) sup e^+>lf'Y F" 

1=1 1=1 1=1 ^ 1=1 


Similarly, 


^^'YF^\uaf = ^ip'YFHAi-lf 

i=[ i=[ 

1=1 1=1 1=1 
= yYF"^i-^'h + ^ip'YF" 

i=[ i=[ 


1=1 


1=1 
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Inserting these terms into (14.1 II) . we obtain 
(4.17) 


0>F"a7>-(l+2co) Yj 

(4.18) 




ij,p,q=l 


Wil 


+ 2(1 + 2co) ^ F'Re ) - (1 + 2co) ^ 


1=1 


F^ui? 


w^- 

i=l 11 


n n n 

+ cp" Y +r Y + 2 ^' E 


1=1 


+ ^-(A' + -<p' - 22n^C2 - 4C3 

=Ai + A 2 + A 3 




1=1 


Cl 


+ A 4 + A 5 + Ag + I — ij/ + —^ — 22n (^2 — 4 C 3 




where Ci is a positive constant depending only on Q, supe^, and sup |v (erjl , and 



Let e = I < ^ and 6 = , where A = 2L(Co + 1) and Q = 31n^C2 + 4 C 3 . We divide 

two cases to drive the estimate, which is similar as IIH . 

Casel: An < -edi. 

By the first derivative’s condition (14.71) , we have 


-(1 + 2co)^ 


Mill 

Wil 


- I^'IVmI? + (A'Mif > -2 {ip'f - 2 («A')' \Ui? 

-v"|VM|^|VM|?-2((Af k-|\l</<n 


A 2 = 2(1 + 2 co) Y 

i?^i 


ThuuA 

Wil / 


> 


> 


l5tl 

-CoY,F‘‘ 

l5tl 


Mill 

Wil 

Mill 

Wil 


(1 + 2co)^ 711 

9n^C2Yp‘'Vll\ 
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Thus 


ii\,, - |2 


A 2 + A 3 > -(1 + 3co) ^ _ 9n^C2 F" |r/, 


w^- 
1=1 11 


0=1 


> -(1 + 2 co)" ^ - 9n^C2 J] F" 


w 

i=i 11 


1=1 


= _A4 - 2 Yj - 9«'C2 Y 

r=l i=l 

We therefore obtain 

n n 

(4.19) A 2 + A 3 + A 4 > -2 (i^'f Y 

Using the following inequlity 


(=1 


1=1 


2 « 


^ > F’^^aI > s^F’^^A] > — F'^4^. 

Therefore, we have 

(4.20) = 


1=1 1=1 

Combining (14.171) and (14.191) (I4.20L we obtain 


1=1 


0 > Xi F"Qn ^ Yn"^' Yj 2 E 


.2 « 


1=1 


1=1 


)§'■- 


+ I —ij/' + —— 3 In C 2 — 4 C 3 




^^-’T-SWo + l) -C„ 
SnK 


Cl 


where we have used the faet that 2 F" > 1, whieh follows from Newton-Maelaurin’ 


inequality and the faet that. 
Henee,we obtain the estimates 


1=1 


di < 8 V2(2A + 1) V«F(8F(c7+Tj2T^ < CK. 













Case2: A„ > -sAi. 
Let 
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/ = {/ 6 {I,- - • ,n}\(Tk-l > s (/111)) 

Obviously, I i I and z 6 / if and only if 

pit > 


We first treat those indiees which are not in 7: by the first derivative’s condition (14.71) . we 
have 


Wil 

v2 


(1 + 2co) ^ + 2(1 + 2co) ^ F^Re- 

m ^ii m 




= -<p" F"| V„p,.| V„P; - 2(f ')" Yj ^"1“'!’ - Y '""Til- 




HI 


HI 


HI 


n 

> -ip" Yj - 9n^C2 Y 

HI 1=1 


Substitute the above inequality into (14.171) 
(4.21) 


0 


> > - (1 + 2co) ^ 


ij,p,q=l 


Wil 


+ 2(l + 2co)^F'Re 


(Tl-Uni 


iel 


\ >Vn 


- (1 + 2co) ^ Y i^"|Vzz|?|Vzz|J + r Y 

HI ^ll HI 1=1 

+ Y + (-«A' + - 4C3 j Y 


— Bi -\- B2 + B^ + B4 + B^ 

+ B^ + Bj + Bs, 


Firstly, we have 


1 

Be + Bj - -if 


1=1 



1=1 


where we have assumed ^tp'F^^A?^ > Is ^K{iJ/')^F^^ otherwise we have \ip'F^^A\ < 
2e~^K{il/')^F^^ i.e. /li < CK and the estimate is done. 
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We next use the first term to eaneel the other terms eontaining the third derivatives 
of M . By the same proof as in [j4|| P559, we have 

A\crk -2 (d|10 > (1 - 2e) CTj.. i(/l I z), for z 6 I. 


Thus 


= ^A,(Tk-2{A\\i) >^{\-2e)(Tk-,{A\i) = (1 -2e)F" 


Sinee 


Ufn =Mii,-ri\.(Ti-l) 


Therefore 


= 


1 + 2 eo 

A, 


F‘J’P‘>urjiUpgi > 


1 + 2en 


i,j,p,q=l 


T? . , 

1 lel 






> -2e)^F'|zzii, -r]‘,.(Ti - l)f 

iel 




By 


2(l + 2eo) 
A, 


^F"Re(r,>in) 


iel 


From the first derivative’s eondition (14.71) . we have 

B4 = ip"J^F‘‘iVulfjVulf=2j^F'‘ 

iel 

> 2(1 + 2cof5 Y, Y ^" 1 “'' 

iel 


iel 


(1 + 2co)-^ + if/'u, 
Wn 


lel 11 


> 2 (l+ 2 co)'d_^F 


iMm 


-B, 


lel 11 


where we have used ^ {ifj'f = ij/" by our choosing 6 = 2 ;^- 
Thus we have 


B3 + B4 + B5 > — (1 + 2co) 


[l-2(l+2co)d] 




iel 
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Therefore, 


>- 


+ B2 + + B^ + jBj 

1 + 2 eo 


A 


2 ( 1 + 2 eo) 


(1 - 26 :) ^ F" \uni - T\, (Ai - 1 )| - (1 + 2 co) 

iel 


[l-2(l+2eo)5] 


iel 


11/1 


+ 

1 + 2 e( 






iel 


Ai 

1 lel 
1 + 2 Co 


- 2e) \uni - T\,{A, - l)f - (1 - 2(1 + lco)6)\uni? + 2Re(iiriV 


Mil] 


/If . , 

1 lel 

> 0 , 


(2(1 +2eo)5-2e)Ki,p + 2[2e(/li - 1) + 1] Re(r;,iiin) + (1 - 2e)(/li - 1)'|r/, 


where the last inequality holds if we ehoose e = | < ^ . In faet, 

A = _ 4AC =4 {2e (/li - 1) + 1]^ - 4 (1 - 2e) (/Ij - 1)^ (2 (1 + 2eo) 6 - 2s) 

< 36e^ (Ti - 1)2 - 4 (1 - 2s) (Ti - 1)^ (2 (1 + 2eo) 6 - 2s) 

< 4 (di - 1)2 (9^2 - 2 (1 - 2e) ((1 + 2eo) d) + 2e (1 - 2s)) 
<4(/li - l)2(5e2 + 2£-d) 

<4(di - l)2(4e-d) 

= 0 . 


Thus we finally obtain 

0 |] |m,j| 2 + - C2 - C3 j |] - Cl 

= I -«A' + - C2 - C3 j ^ F^ \ui^ - Cl 

F'= 1 1=1 


> y + — y c'u,2 - Cl 

Zj 16fZj ' 


r=l 


!=1 


, where we have used -if/' > Co + 1 by ehoosing Co = 31n2C2 + 4 C 3 . 

n - 

In particular, we have 2 F" < C. By lemma2.2 in [jH we have where 

1=1 ‘'1 
c(n, k) is a positive constant depending only on n and k. 
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Therefore, we get the desired estimate: 

k 

4(^2 

c(n, k)2 

where Ci is given in (14.171) . □ 
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